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REMARKS ON THE WAVE FRONT OF A DISTRIBUTION^)

BY

AKIVA GABOR

ABSTRACT. Basic facts about composition and multiplication of distribu-

tions as given in [lj are proved using the formulas for the wave front set of the

image and pullback of distributions.

1. Let X be a manifold, D (X) the distributions on X. If a smooth density,

dx, is given on X, then any smooth function on X, g, gives rise to a smooth dis-

tribution

if. g) =jfgdx.

These smooth distributions can be pulled back along differentiable maps  cp :

Y—»X (that is, g £ D' (X) goes to cp*g £ D' (Y) by the usual pullback of func-

tions).   We would like to define a "continuous" extension of this and other no-

tions, so as to include a wider subset of D' (X).   This was done in [l, Chapter 2.5],

and here we only give a unified treatment with some slight extensions.

According to [l] the question of when a distribution A can be pulled back is

answered in terms of a set, WF(A) C T*(X), and a formula for WF(cp*A) is ob-

tained when cp*A is defined. If cp: X —► Z is a differentiable map and A satis-

fies obvious conditions on its support relative to A then cptA can be defined as

a distribution on Z. We derive a formula relating WF(cf>tA) to WFÍA). The vari-

ous theorems of [l] on multiplication and composition of distribution then follow

from standard functional constructions.

Definition.   If A £ D' (X),   ixQ.kQ) £ T*(X),   kQ4 0, then (xQ.kQ) 4 WFÍA)

(wave front of A)  if there exists a  C°° function cp with compact support,  <M#0) 4

0,  and an open cone   T C T* (X) containing  kQ,  such that for each  k £ V and

some  C°" function \fi with d\¡t(x.) = k,

tm\A(óe-itiJj)\-> 0       (t—oo).

This definition is geometric (with no reference to local coordinates in  X),  and is
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easily seen to be equivalent to the one given in [l] via Proposition 2.5.5 and the

independence of coordinates given by Theorem 2.5.11   thereof.

In terms of local coordinates, let   U C X, xQ £ U, be identified with an open sub-

set of V = R".   Then the tangent space at each point of  U is identified with  V,

and the cotangent space with   V*,  so that the cotangent bundle is   U x V*.   For a

distribution  u on  X,  with compact support in   U, we have the Fourier transform,

u, given by

Q(k)=  (*-'<*•*>, u)     for k £V*.

With this notation, (xQ, kQ) 4 WF(A) fot A  as above if there is  <p £ C™, <f>(xQ)^ 0,

an open cone  Y C V*  and a constant  C    for each 722,  such that

\qM(k)\ < Cm(l + \k\)-m    tot all k £ Y,  \k\ > C.

For distributions with support in   U we define convergence as follows:

If r is a closed cone in  T*(U), define

D'?(u) = ¡A  £D'(U):  WF(A) C   Y\.

A sequence A. £ D'y(Ü) converges to A £ D^(U) if

(i) A.->A  in D'(U) (weakly),

(ii) \k\m \A.(k) - A(k)\ —■» 0,   \k\ —» 00,    uniformly for k in a closed cone dis-

joint of r.

For a general manifold X we define convergence in D~(X)  by partition of

unity.   A definition utilizing pseudodifferential operators can be found in [l] to-

gether with a proof that  C°°(X)  is sequentially dense in  Dp(X).

2.  The following theorem is proved directly in [l, Theorem 2.5.11 J:

Theorem 1.  Let X, Y be manifolds,  cp:Y —> X a  C°° map, and denote the

set of normals of the map—

N^ = \(cp(y), O £ T*(X) : (rj, £) = 0 for all 77 £ <pjy\.

If A £ D'(X) and WF(A) n N^ = 0, we can define the pullback cp*A in one and

only one way so that it is equal to the composition /oc/i when A = / smooth, and

is sequentially continuous from D'T(X) to D' (Y) for any closed cone YC T*(X)\0

with Y C\ N±- 0.    Moreover,

WF(cb*A) C cb*WF(A) = \(y, cp*y(Ç )) :i<f>iy), O £WF(A)\.

Let 4> : X -* Y be a  C°° map, A e D'(X), and suppose that either

(a) 4> is proper   (tp~l (K) compact for any  K C Y compact) or

(b) A  has compact support.
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Then cptA  is well defined as a distribution on   V by the formula

(f, rp.A)   = <<£*/, A).

For any S C T* (X) we define cp^S CT*(Y) by

W = UW-p" 1(5*}   where 5* = Í^(X).
X

If 5  is compact, so is   cp^S.

Also, given a pair of mappings  cf>. : X —> Y,  cp2 : Y —»"Z,

Theorem 2.  WF(<ptA) C r/^WFU) /or A e D (X) as aèotve.

Proof.   Every map can be factored as  <p = n a i,  where  t : X —* X x Y is

x h->(x, <£(x)),  and 27 : X x Y —> Y   is projection onto the second factor.   It there-

fore suffices to prove the theorem for the cases where  cp = i  is an imbedding and

cp = 77 is projection as above.

In the case that  t : X —» Y is an imbedding, we can make the more refined as-

sertion that

WFÍl A) = i WFÍA).* *

The  WF  is independent of coordinates, and is defined locally so we can apply a

partition of unity and change of coordinates.   Therefore, it suffices to prove this

in the case where  X C Rm,   Y = X x Z,  ZCR",  and  t defined by  i(x) = (x, 0).   In

this case, for any S C T* (X),

itiS) - S x T*QiZ),      T*{X x Z) . T*(X) x T*(Z),      t/A) = A®8.

This gives immediately  WFÍi A) m i^WFÍA)  by the next (independent) theorem on

the wave front of a tensor-product (for C) and direct observation (for 7)).

Now we examine the case  c/j = 27 : X x Y —> Y.   Here  efe* il) = (0, I),      » for

any / 6 T*.   Thus  / £ <fet (S) iff 3x with (0, D,x<y) 6 S.   Suppose that lQ (f rp^WFU)).

Then for each x, (0, /n),x    . 4 WFÍA).   By assumption the possible (x, y) € <p-1(y)

form a compact set.   Each (x, y)  has a coordinate neighborhood and  i/z such that

(e~l(-l,y\if/A)  vanishes infinitely rapidly at infinity for all  / in a conical neigh-

borhood of  lQ.   By compactness, a finite number of cones will do.   By applying a

parrition of unity w.r. to x we are reduced to the case where A  is of compact

support, and the result follows from the definition.

Theorem 3. If A £ D" (X), B £ D' (Y) with T, = WFÍA) C T* (X), R, = WFÍB)

C T*ÍY),  then

WFÍA®B) C  Tj x r2UTj x 0 u0x x T.,
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(where  0x = ¡(x, 0)! C T* (X)  the zero section).

The proof is direct from the definitions.

Note that these three operations  (0*, q>^  and ®), as well as compositions of

them, are sequentially continuous.   This will be a useful tool in extending other

operations in a sequentially continuous mode.

3.

Theorem [l, Theorem 2.5.10].    Let Yy, Y2 be two closed cones in T* (X)\0

satisfying T, + T2 C T* (X)\o (where T, + T2 = ¡(x, rf j + £-,) : (x, £.) £ Yj\).   Then

the product A .A2  of A . £ D'.(X) can be defined (in a unique way) and

wF(A1A2)cYl + r2ur1ur2.

Proof.  For functions  fy f2 £ D(X) the product is

/1(x)-/2(x) = A*(/1®/2)

where /, ® /2  is in  D (X x X), jy ® f2 (x, y) = fx (x) f2 (y), and A : X -• X x X  is

the diagonal map A : x —» (x, x) with A*g(x) = g (x, x) tot any g (x, y) £ D(X, Y).

In view of our previous remark, a multiplication in  D (X) must also satisfy

AjA2 = A*(Aj ® A2) whenever it is defined.

The only restriction on the above construction is on applying A*.

For any distribution A £ D (X x X) and the diagonal map A the restriction is

WF(A) n N.  = 0 where N.   = \(x, x, r¡, -rj) : » e T*(X)\.

In our case,  A . e £>L (X),  so

wf(a1®a2) cr, x r2uTj x oxuoxx r2

and   lVF(Aj ® A2) O NA  =0   means exactly   F\ + T2 C T*(X)\o as we required.

So  AjA2   is defined, and

wf(a1a2)ca*(y1 xr2urlX oxuoxxr2) = rj + r2urjur2.    q.e.d.

Let  K £ D' (X, Y).   It defines a continuous map K : C™(Y) -* D' (X) by

(if,, Kcp) = K(yj®d>)    fot cf> £ C~(y), 0 £ C~(X).

Theorem [l, Theorem 2.5.12].    For any u £ C™(Y),  WFiKu) C tt¿WF(K))

(where n : X x Y -» X).   n^WF(K)  is also denoted WFx(K) = \(x, <f) : (x, if, y, 0) £

WF(K) for some y £ Y\.

Proof,   u gives   1  ® u £ D' (X x Y), which is smooth.   Therefore the product

K(l ® u) is defined and   Ku= ntK(l ® u).

WF(K(l®u)) C WF(K) + WF(l®22)uH'F(7<)uU'F(l®a)
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but  1 ® u is smooth, so  WFÍKÍ1 ® u)) C WFÍK) which gives  WFÍKu) C rrMWFÍK\

Theorem [l, Theorem 2.5.14].    Let  K £ D' (X x Y), a72a' denote by

WF'iK) = \ix, ¿f, y, - 77) e T*(X) x T*iY) Ax, cf, y, 77) £ WFÍK)\

a relation mapping sets in  T* (Y)\o to sets in  T* (X)\o.   // WFxiK) = 0,  u £

D'ÍY) and WFÍu) C\ WF¿ÍK) = 0   (where WF^(K) = Ky, 77): (x, 0, y, -77) e WFÍK)

for some xj)  then

WFÍKu) CWF'ÍK)WFÍu)

for  Ku £ D' (X) defined by

(cfe, Ku) =  <z7j®1, K(l®zz)>,       cfe £ C~(x).

Proof.  If everything is defined,

Ku = ntÍK il® u)),     77:XxY-»X.

Since  WFxiK) = 0,    K(l ® u)   is defined and

WF ÍK (l®z/)) C WF ÍK) + 0x x WF (zz)uH'F (K)u 0x x WF (zz).

For any  P, Q C T*ÍX),   27#(P U g) = 27Ht(P)u 27^(g).   By our assumption tt^WFÍK) =

0, and 27 A0   x WF (zz)) = 0 always, so WF (Kzz) C 27 (WF ÍK) + 0   x WF («)) =
*       X * X

WF'(K)WFU).    q.e.d.

Let  Kj e D' (X x Y),  K2 £ D' (Y x Z) be properly supported (that is,  rr^fC.

are well defined for the projections  77 on the components).   Denote  T- = WFÍK.).

Theorem [l, Theorem 2.5.15].    // r, x 0^ + 0x x T2 C T*(X x Y x Z)\o,  zieTZ

¿Tjt? composition  K = K. ° K    eD'lXxZ)  z's 122e// defined, and

WF'ÍK, o KA C WF'ÍK A o IVF'ÍK AviWF (K.) x 0 )u(0   x WF' (K,)).
12 1 2 x     r x x z     2

Proof.   For smooth distributions of the form

K, =/(x)®g1(y),       K2=g2íy)® hiz),

the composition is defined as  f (x) ® h(z) ■   (g,, g2 ) •   In other words,

if ® g,) °ig2® h) = nAif ® gj ®  1) (1 ® g2 ® ¿))

where  77:XxYxZ—* X x Z.

In the continuous extension of this definition, we define, where possible,

Kl o K2 = tt^UKj ® lz)(lx ® K2)) fot the above 27.

The restriction on defining products limits us to the case 0 / T, x 0   +0   x

T2.   This holding, we get

wf(k. orActt (r, xo+ox r\ur, x o uo x r,)
1 z * i Z X z i Z X ¿

= WF'(K,) °WF(KAU(WF (K,)x 0 )u(0   x WF (KA)
I z x      \ z x z      2
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or

WF'iK, OK.) C WF'(K) o WF'(K-)U(WF (K,)x 0 )u(0   xWF'(kA).       Q.E.D.

Note that 0 s? Tj x 02 + 0^ x T2 holds in particular when   WF^Kj n WFy(7<2)

= 0,  which is the restriction in [l], however composition exists in less restrictive

circumstances.
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